CHARACTER FORMULAS ON COHOMOLOGY OF 
DEFORMATIONS OF HILBERT SCHEMES OF K3 
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LETAO ZHANG 

Abstract. Let A be a Kahler deformation of the Hilbert scheme 
of n points on a A3 surface. We compute the graded character 
formula of the generic Mumford-Tatc group representation on the 
cohomology ring of A. Also, we derive a generating series for 
deducing the number of canonical Hodge classes of degree 2n. 
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1. Introduction 

Let S be a K3 surface, be the Hilbert scheme of n points on S, 
and X be a Kahler deformation of S^; each point in corresponds 
to a subscheme of S whose Hilbert polynomial is the constant n. 

Denote by Gx the Mumford-Tate group of X; the invariants of the 
Gx action on H*(X,Q) correspond to the canonical Hodge classes, 
which are Hodge classes that remain Hodge under deformations. Chern 
classes of the tangent bundle are examples of such canonical Hodge 
classes, but generally additional Hodge classes will exist, since the di- 
mension of the Gx invariants on H 2n (X, Q) is greater than the number 
of monomials in the Chern classes. As for the action of Gx, we can 
consider the character of the representation on the middle cohomology 
for each n. 
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Theorem 1. Let M(q) := ^^L Char(H 2n (X, Q))-q n be the generating 
series of the character of the representation on the middle cohomology 
of X . Then 

M(q) = (l + ^2(-l)V^) ( J] det(/ 24 - gq m ) 

\ k=l J \m=l 

where g € Gx is diagonalizable, In is a N x N identity matrix, and 
det(/ 24 - gt m ) = (1 - z~H m ) ■ (1 - z 2 t m ) det(/ 22 - ^ 2(5iQ) f"). 

Let / G i/ 2 (X, Z) be a line class in P n C X. Hassett and Tschinkel 
conjecture in [9] that (1,1) = — and show that (1,1) = — | for the 
case where n = 2 in [8]. For n = 3, Harvey, Hassett and Tschinkel [7] 
show that (/, /) = —3 and give a concrete expression for the Lagrangian 
hyperplane class. For the case of n = 4, Bakker and Jorza pQ show 
that (1,1) = — |, and also give a expression [P 4 ]. However, it is more 
difficult to compute the class [P n ] for larger n. One possible approach 
to proving the conjecture is to find all the canonical Hodge classes in 
the middle cohomology of X for each n; future work could provide 
possible candidates for the class of [P n ] in terms of the line class. As 
for the ring structure, Verbitsky [15] shows that there is an embedding 
Sym n H 2 (S,Q) ^ H 2n (S [n \Q), but much about the ring structure of 
H*(X,Q) Gx is still unknown, e.g. relations in the subalgebra gener- 
ated by H*(S, Q) for each H*(X, Q) Gx . 

Acknowledgements. I am very grateful to my advisor Brendan 
Hassett for introducing me to this problem, and for his warm sup- 
port and encouragement. Thanks are also due to Lothar Gottsche, 
Radu Laza, and Anthony Varilly-Alvarado for interesting discussions 
and insightful remarks. I also appreciate Eyal Markman's illuminating 
questions which may lead to future research topics. 

2. Cohomology of Hilbert Schemes of Points on K3 

SURFACES 

In this section, we review some classical results about S^. Let 
( , ) denote the Beauville-Bogomolov form on the cohomology group 
H 2 (S^\Z). Since S is a K3 surface, H 2 (S^ n \Z) { , } (n > 2) is the 
direct sum given by Beauville in (2] by 

(2.1) H 2 (S [n] , Z)< , ) = H 2 (S, Z) ( , } ®± ZS, (5, 5) = -2(n - 1), 

where ( , ) is the intersection form on H 2 (S,"Z), and 26 is the class 
of the corresponding big diagonal divisor C parameterizing 
nonreduced subschemes. 
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In [2], Nakajima constructs generators for the cohomology ring of 
Hilbert schemes of points of any projective surface. Lehn and Sorger 
[12] then show how H*(S, Q) generates H*(S^- n \ Q) as a graded ring. 

Let A = H*(S, Q)[2] denote the shifted cohomology ring weighted by 
-2, 0, 2. Correspondingly, let H n = H* (S [n] , Q)[2n] denote the shifted 
cohomology ring weighted by — 2n, 2n. Note that the weight shifting 
here is not the Tate twist notation for Hodge classes. Define a linear 
form T on A by T(a) := — f,™ a, and on H n by T(a) := (— l) n J, 



a. 



Now consider A® n , with the usual product given by 

(ai <g> • • • ® a n ) ■ (&i <g) • • • <g> 6 n ) = (ai&i) <g> • • • <8> (a n ^n) , 

T extends to A® n via 

T(ai <g> • • ■ (g) a n ) = T(a 1 ) T(a n ) 

We also have the symmetric group & n action on the n— fold tensor 
given by 

n(ai (g> ■ • • (g) a n ) — 0^-1(1) g) • ■ • <g> a„-i( n ) ■ 
For any partition n = n\ + • • • + n^, we have a homomorphism 

at ■ ■ ■ ® a n (ax • • • a ni ) ® • • • ® (a m+ ... +nfc _ 1+1 • • • a n J 

Given a finite set / with n elements, let {Ai]i & i be a family of copies 
of A indexed by I. Let [n] denote {1, . . . , n}; we define 

/ \ 

A® 1 := (J) ^/(l)®-®/(n) /©n 
\/:[n]^>J / 

Finally, given a surjection : / — > J between two index sets, there is 
an induced multiplication 

0* : A® 1 -> A 0J , 

and let 

be the adjoint of 0*, satisfying 

</>*(a • </>*(&)) = 0*( a ) ' & > 

where a E A® 7 and 6 6 A® J . 

Denote by (7r)\[n] the set of orbits of [n] under the action of it. 
Define 

A{B n } := ©^ 6 „^ AW ■ n 
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A{(5 n } admits an action of a G & n , induced by the bijection 

a : (ir) \[n] — > (cnra^ 1 ^ \[n], x h-> ax. 

This gives an automorphism of A{(3 n } given by 

a : a ■ 71 i— > a*(aixa~ 1 ). 

Denote by the invariants under this action, then we have the graded 
isomorphism between the vector spaces [12] 

||o||=n « 

where a = (l ai , 2° 2 , . . . , n Qn ) runs all partitions of n. For the case of 
K3 surfaces, Lehn and Sorger prove 

Theorem 2. [T2] There is a canonical isomorphism of graded rings 
(H*(S, Q)[2]) w ^> H*(S [n] ,Q)[2n] . 

3. Decomposition of Cohomology Ring 

In this section, our goal is to decompose H*(X,Q) into irreducibles 
using representation theory. 

3.1. Characters of Representations. We summarize general results 
on representations of complex (or split) orthogonal groups from [1]. 

Let q be a semisimple Lie algebra, A be its weight lattice, and Z[A] be 
the integral group ring of the abelian group A. For each weight A G A, 
let e(A) denote the basis element in Z[A], so that each element in Z[A] 
can be written as the finite sum Yl\ n x ' e (^0- Denote by R{q) the ring 
of isomorphism classes of finite-dimensional representations associated 
to g. For each class [V], [V] = [V] + [V"} whenever V = V © V", and 
the product of two classes is defined as [V] ■ [W] = [V <S> W]. Define 
the character homomorphism 

Char : R(g) Z[A] 

by Char[V] = ^ #(V\) • e (A), where V\ is the weight space of V for the 
weight A and j^iVx) is the multiplicity of V\ in V . The Weyl group QU 
acts on Z[A] and the image of Char is contained in the ring of invariants 
Z[A] ro 

Let uji, . . . , u) n be fundamental weights of g. Recall that fundamental 
weights have the property that any highest weight may be expressed 
uniquely as a nonnegative integral linear combination of them; they 
are free generators for the lattice A. Let Fi {i — 1, . . . , n) be the classes 
in R(g) of the irreducible representations of highest weight Ui (i = 
1, . . . , n). We have the following theorem. 
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Theorem 3. [I] The representation ring R(q) is a polynomial ring on 
the variables T 1 , . . . , T n , and the homomorphism Char : R(g) —> Z[A] W 
is an isomorphism. 

Thus decomposing V into irreducible q representations is equivalent 
to finding its character polynomial. 

Example 1. [I] Let q = so 2n C and V = C 2n be its standard represen- 
tation. Its weight lattice A is span{L 1; . . . , L n , Li) /2} (see Lecture 
19 in |3] for detailed explanation). For S02 n C, fundamental weights are 

Li, Li+L 2 , . . . , Lx + - • -+L n -i, (Li + - • -+L n )/2, (Li + - ■ ■+L n _ 1 -L n )/2 

corresponding to irreducible representations V, /\ 2 V, . . . , A™ 1 ^ an d 
the half-spin representations S + and S~ . Set ij = e(Lj), t" 1 = e(— Lj), 

^ +1/2 = e(Li/2), t," 1/2 = e(-L</2), Char(AV) is the fcth elementary 
symmetric polynomial, denoted by Dk, of the 2n elements ti, tj~ , . . . , 
t n , t" 1 . The character D + (resp. Z?~) of S + (resp. 5 _ ) is the sum 

^ il/2 il/2 

^2t± t n , where the number of plus signs is even (resp. odd). 

Thus, 

R{so 2n £) = ZfA] 20 = Z[D U D n _ 2 , D+, D~] 

Example 2. [I] In the case of q = so 2n+ iC, its standard representation 
is V = C 2n+1 and its weight lattice is the same as so 2n C But the 
fundamental weights are 

L 1 ,L 1 + L 2 ,...,L 1 + L 2 + --- + L„_i, (Li + • • • + L n )/2 

corresponding to irreducible representations V, /\ 2 V, . . . , /\"~ V and 
the spin representation S. Char(/\ fc V) here is the fcth elementary sym- 
metric polynomial, denoted by B k , of 2n + 1 elements ti, , . . . , t n , t~ l 
and 1. Denote by B the character of S, which is the nth symmetric 

polynomial in variables tf + t i 2 . By applying Theorem [3] we obtain 

R(so 2n+1 C) = Z[A] W = Z[B U . . . , B n _ h B] 

In general, we have so 2n C C so 2n +iC. If T x is the irreducible so 2 „+iC 
representation of highest weight A = (Ai > • • ■ > A n > 0), the restric- 
tion representation is 

where A = (Ai, . . . , A„) satisfies 

Ai > Ai > \ 2 > A 2 > ■ ■ ■ > A n _i > A n > |A n | , 
and the \ and A, are either all integers or all half integers. 
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Given a finite dimensional so 2n+ iC representation W, if it is induced 
by the inclusion so 2rt C C so 2n +iC and all the weights of so 2n C rep- 
resentation are integer-valued, then so are the weights of the so 2n +iC 
representation. This implies that the character of the so 2n+ iC repre- 
sentation will be in Z[Si, . . . , B n _i]. 

3.2. Group actions on cohomologies. Let V be a Q vector space, 
and let S(M) denote C*, regarded clS cL Lie group. 

S 1 = {z e C* : zz = 1} 

is a maximal compact subgroup of §(R). 

Definition 3.3. ([6], LA) A Hodge structure of weight n is given by a 
representation on Vr := V <E)q K 

(p : S(R) -»■ GL(Vr) 

such that for rGR'C S(R), £(r) = r n idy. 

We can see that cp := ip\si gives a representation 

if : S 1 -> GL(Vr), 

and a weight space decomposition 

V c = © p+g=n ^ p ' 9 , where V p ' q = {v E V c : (p(z)v = z p z q v, }. 

Definition 3.4. [B] The Mumford-Tate group M v associated to a Hodge 
structure (V, ip) of weight n is the Q algebraic closure of 

viS 1 ) C SL(V). 

For a Hodge structure of even weight 2p, Hodge classes are defined by 

v n v c p,p . 

Theorem 4. [6] For a Hodge structure (V, (p) of weight n, the Mumforld- 
Tate group is the subgroup of GL(V, Q), consisting of elements 
acting as the identity on all the Hodge classes in the tensor products 
($V® k £g> V 1 for any pair of integers (k, I) where n(l — k) is even. 

Definition 3.5. [T3] An automorphism g of H*(X, Q) is called a mon- 
odromy operator if there exists a family Ai — y B (which may de- 
pend on g) of irreducible holomorphic symplectic manifolds over quasi- 
projective scheme B, having A as a fiber over a point b G B, and such 
that g belongs to the image of %i(B,b) under the monodromy repre- 
sentation. The monodromy group Mon(X) of X is the subgroup, of 
the automorphism group of the cohomology ring of A, generated by 
all the monodromy operators. 
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Denote by Mon 2 (X) C GL(# 2 (X,Q)) the image of Mon(X) in the 
isometry group of H 2 (X, Z). Markman in [TB] §4.3 shows that Mon(X) 
and Mon 2 (X) differ only by finite subgroups. Now denote by Gx the 
identity component of the special orthogonal group associated with the 
Beauville-Bogomolov form on H 2 (X,Z), Proposition 4.1 in [7J shows 
that the universal cover Gx — > Gx acts on the cohomology ring of 
X. Since the cohomology of X is nonzero only in even degrees, this 
representation passes to Gx- 

Let Aib be a general fiber of the family M. — > B as in definition 
13.51 The work of Deligne in [3] shows that the Mumford-Tate group of 
the Hodge structure on H k (A4b, Q) contains a subgroup of finite index 
in the monodromy group. This implies that Mon(X) preserves Hodge 
classes in the tensor products H k (Aib,Q) <8> H l (Ait>,Q) w away from a 
countable union of Zariski closed algebraic subsets, indexed by Hodge 
classes disappearing under generic deformation. 

By the above analysis, the invariants of the Gx representation on 
H*(X, Q) are the canonical Hodge classes, i.e. those which remain 
Hodge under deformations. 

Example 3. In table [3j the first row of data shows the number of 
canonical Hodge classes for H 2h (X,Q). For X Kahler deformation 
equivalent to S^ 5 \ there are 2 canonical Hodge classes in H 2 ' 2 (X), 1 in 
H 3 ' 3 (X), 4 in # 4 - 4 (X), and 2 in H^(X). 

3.6. Decomposition of the Cohomology Representation. De- 
note by Gs the identity component of the special orthogonal group 
associated with the intersection form on H 2 (S, Z). 

We can decompose H*(X, Q) into irreducible representations for the 
action of Gx- The decomposition 

H 2 (S [n \Z) = H 2 {S,Z) © ± Z5 

induces an inclusion Gs C Gx- 

[7] provides an explicit method for writing the decomposition: 

(1) Use the isomorphism H 2 (X,Z) = H 2 (S,Z) © ± Z5 and com- 
patible maximal torus of Gs and Gx to fix the embedding 
Gs C Gx- 

(2) Decompose H*(X,Q) into the highest-weight representation of 
Gs by Theorem [2j The highest weight irreducible represen- 
tation Vs(X) will lie in the summand of the restriction of an 
irreducible Gx representation Vx(X). 

(3) Repeat step 1 and 2 on H*{X,Q)/V X (\). 
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Now, let H r ' n := H r (X, Q) where X is Kahler deformation equivalent 
to S^ n \ and V\ be the irreducible Gx representation of the highest 
weight A; we get the following computational results 



A 


dimVx 




H°'° 








H a '° 








(0, 0, 0, ... ) 


1 


2 


1 


4 


2 


2 


5 


4 


7 




(1, 0, 0, ... ) 


23 


1 


3 


3 


5 


3 


4 


7 


7 




(2,0,0,...) 


275 


1 


1 


3 


2 


1 


4 


4 


7 




(1,1,0,...) 


253 




1 


1 


2 


1 


1 


3 


2 




(3,0,0,...) 


2277 




1 


1 


2 


1 


1 


3 


3 




(2,1,0,...) 


4025 






1 


1 




1 


2 


2 




(1,1,1,...) 


1771 
















1 




(4,0,0,...) 


14674 






1 






1 


1 


2 




(3,1,0,...) 


256795 








1 






1 


1 




(2,2,0,...) 


2193763 
















1 




(5,0,0,...) 


7804350225 








1 






1 






(4,1,0,...) 






















(6,0,0,...) 























Table 1: Gx Representations 



Here " • • • " denotes truncated data, and each integer denotes the num- 
ber of times of V\ appears in H r (X, Q). In particular, the first row in 
the table indicates the number of copies of trivial Gx representation in 
each H r (X, Q), and it corresponds to the number of canonical Hodge 
classes. 

H 2 (S,Q) corresponds to the standard Gs representation Vs(l). Let 
HI := H*(S^- n \ Q)[2n], which is a bigraded algebra generated by 
H*(S,Q) by Theorem |2l and we can decompose H„ into Gs represen- 
tations. Let Y ntd := H 2n+d (X, Q), the weight k subspace of the G s 
representation restricts to the Gx representation on Vfc+2n,n- By using 
the same convention as Example [U we know that 

Chai Gg (H k (S [n] ,R) e Z[D 1 ,...,D Q ] 

Note that since spin representations don't appear in our representation, 
we may ignore D + and D~ . By the imbedding Gs C Gx, we obtain 



(3.1) 



Char Gs (# fe (SM M) ) = Char Gx (V M .) 
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By 13. 1L we will not distinguish notations between Char^ and Char<3 x , 
and will denote both by Char in the following discussion. Let 

1 

p(z) n := Char(V 2fe+2ni „) • z 2k e Z[D ± , D 9 ][z, -] 

k=—n 

be the graded character of M n . Now we take the sum 

oo 

(3.2) p(z,t):=Y,P(z) n t n 

n=0 

following the grading of each H n . 

Example 4. Consider X as deformation of and H 3 = H*(X, Q)[6]. 
By the analysis in section 3.3 we know that 

H°(S^\Q)[6} = 1 S 

H 2 (S^\Q)[6] = 1 S ®V S (1) 

H 4 (S®,Q)[Q] = 1| © V s (l) 2 © V s (2) 

H 6 (S®, Q)[6] = 1| © V s (l) 3 © V s {2) © V s (l, 1) © V s {3) 

Thus we have 

3 

p (z) 3 = ^ Cha,i Gs (H 6+2k (S [3] )) ■ z 2k 

k=-3 

= z~ 6 + (1 + Di)z~ 4 + (3 + 2D 1 +Dl- D 2 )z~ 2 
+ (3 + 3D, + Dl + D\- 2D X D 2 + D 3 ) 
+ z 6 + (1 + D 1 )z 4 + (3 + 2A + D 2 - D 2 )^ 2 
Restricting the above to Gx representation, we obtain 
Y 3fi = H°(X,Q)[6] = l x 
Y 3 , 2 = H 2 (X,Q)[Q} = V X (1) 
V 3>4 = # 4 (X,Q)[6] = l x © V x (l) © V*(2) 
V 3i6 = H 6 (X, Q)[6] = lx © Vx(l) © Vx(l, 1) © V x (3) 

The character formula is 

3 

p(z) 3 = Char Gx (V 2fc+6 , 3 )^ 2fc 

fe=-3 

=z~ e + B lZ ~* + (1 + B 1 + £ 2 - B 2 )z- 2 + {1 + B 1 + B 2 + B\ - 2B X B 2 + B 3 ) 
+ z 6 + B lZ 4 + (1 + B 1 + B\ - B 2 )z 2 
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and the number of canonical Hodge classes of H k (X,Q) corresponds 
to the constant term in the coefficient of z k . 

Proposition 5. The character of the Gx representation is thus 

oo oo _ 

p.3) Pa(M ) ==E^)-«-=n det(/M -^ ) 

n=0 m=l V v I 

where g G G*x is diagonalizable, In is a N x N identity matrix, and 
det(J 24 - gt m ) = (1 - 2T 2 f") • (1 - z 2 t m ) det(/ 22 - j^^r), 

Proof. Recall that V = H*(S, Q)[2] = Q) + H 2 {S, Q) + # 4 (S, Q) 

is bigraded, where H°(S,Q) and H 4 (S,Q) are of weight —2 and +2 
respectively, and H 2 (S,Q) is of weight 0. For every symmetric power 
Sym fc (V), it is sufficient to show the formula holds when g is diagonal. 
Since Gs acts trivially on H° and H A , let u_ 2 £ H°(S,Q) be the 
eigenvector with eigenvalue 1 and weight —2, and u 2 G H 4 (S,Q) be 
eigenvector with eigenvalue 1 and weight 2. H 2 (S,Q) corresponds to 
the standard Gs representation Vg(l, 0, . . . , 0), and let u 4 (i = 1, . . . , 22) 
be its eigenvectors; when i is even, vt has eigenvalue t±, and when i is 

2 

odd, i>j has eigenvalue t~} . 

Molien's Formula in [11] indicates that for a representation of a 
group G, and given a linear operator g G G, its action on the symmetric 
algebra Sym'(W) has the graded character 

OO -. 

g OH WW)' = 3^^. 

The symmetric algebra on V, denoted by Sym' (V) , has the form 

Sym'(u 2 ) (g) Sym'(wi) <g> Sym'(w 22 ) <g> Sym'(u_ 2 ) . 
Since t> j G V is of weight 0, the bigraded character of Sym'(uj) is 

oo 1 

fc=o 1 ^ 

where ^ is the eigenvalue of v^. Since w_ 2 (resp. w 2 ) has weight —2 
(resp. weight +2) in V, we have 

oo 1 

Char(Sym ( M „ 2 ))(t) = ]T(1 • z" 2 )*** = ^ _ ^ , and 



fc=0 

oo 



Char(Sym(u 2 ))(t) = > '(1 • z 2 )H k 



1 



k=0 
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Thus, we obtain 
(3.4) Char(Sym(V))(t) 



(1 - z 2 t)(l - z H) det(/ 2 2 - g\H*(s,Q)t) 
By Theorem [21 the graded character p(z) n of H*(X, Q) is given by 

p(z) n t n =Char j ® Sym ° l V r 

\ ||o||=n « / 

= yi n ( char ( symQ! v ) fiai ) ■ 

\\a\\=n i 

Note Char (Sym a * V ) t ia * is the a, th term in Char(Sym (V))(t i ). Then 
for each a = (l ai , 2° 2 , . . . , n a ™) where || a ||= n, 

Y[ (Char (Syrn^V)***) 

corresponds to the t n th term in 

n(Char(Sym(V))(^)) , 

3 

together with equation 13.41 one can obtain 

= II (1 - Z Hm ){1 _ ^) det( J 22 _ g\ H2{SM) t^ 



* 



Remark 1. Given a smooth projective complex surface S', and let 
p(5'[ n U) be the Poincare polynomial E£oA(' 5 " W )^ of 5 ' W - In 0' 
Gottsche shows that J2 n=0 p(S^ n \ z)t n has the expression 

- (1 + 2 2m-l t m )&1 (SQ (1 + ^m+l^MS') 

^ / 11 ^ _ /2 2m-2^-m^fe (5')^l _ j2 2m^m^6 2 (S") (1 — 22m+2£m)& (S") ' 

If we take g as identity in the equation l3.3[ we can obtain the generating 
series of the Betti numbers of S' n l 

Remark 2. We can also apply Weyl measure to obtain the graded 
generating series M Gs by the following integral 

^ £ ' " £ ( _ cos 2(e,)) ) ^ " ■ ^ n 

where e* 9 ' = t2i-i- 
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Remark 3. The computation in example H]is reversible. Explicitly, the 
number of copies of the highest weight representation Vy(A) appearing 
in Y n< k corresponds to the coefficient of Char(Vx(A)) 

4. Generating Series of the Character of the Middle 

COHOMOLOGY H 2n (X,Q) 

Let M(q) := Yl^=o Char(if 2n (X, Q)) • q n be the generating series of 
the character of the representation on the middle cohomology of X We 
have 



Theorem 6. 



_ — , j < m(?n + l) 

M{q) — ^m=i 2 ( _ 1)"V 




n fc=1 det(/-^) ' 

where det(J - gq k ) = (1 - q k f ■ det(7 - g\ H *(s,Q)) 

Proof. The character of H 2n (X, Q) is of weight in equation 13. 31 The 
weight is determined by the representation on H°(X, Q) and H 4 (X, Q). 
Extract out the weigh-controlling part in proposition [51 we obtain 

n a- A™ki-^v)) (n det(J 

Let a k (q) := ^ ;=1 ( — the z 2fc th coefficient is a k {t) — 
a k+ i(q). In particular, z°th term is 

a (q)-a 1 (q) = l + J2^- 1 ) l Q lJ ^ 1 

i=i 

which gives the formula. 4* 
Corollary 7. 

oo 

dim(H 2 ^ k (X, Q)) q n = ^(a k (q) - a k+1 (q)) 



n=0 

Js\24 



where A(q) = qYlkO- ~ Q ) is a cusp form of weight 12 for SX 2 (Z) ; 
and a k (q) := 5^ =1 (-l) z+1 < 



i(i+2fc-l) 
2 



Remark 4. . [5] shows that the generating series for the Euler numbers 
of S [n] is 



J2<S [n] )q n - — 



A(q) ' 

n=0 wy 

According to [IB] and remark 3.7 of Appendix in [TU] we have 

A(r) = 4096e(5 2 - e) 2 
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where e and S are modular forms for To (2) of weights 4 and 2 with the 
following forms: 




n=l \d\n, d odd 



It is interesting that the modular form A appears many times in com- 
putations related to the cohomology rings of S^. 
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5. Appendix: 



Table of Nonstable 



G x Representations 



A 


#8,7 


#10,7 


H 12 ' 7 


#14,7 


#8,8 


#10,8 


#12,8 


#14,8 


#16,8 


#10,9 


#12,9 


#14,9 


#16,9 


#18,9 




(0,0,0,..) 


5 


5 


10 


7 


6 


6 


13 


12 


18 


6 


15 


15 


25 


21 




(1,0,0, ..) 


5 


9 


11 


14 


5 


10 


14 


21 


21 


11 


16 


27 


33 


39 




(2,0,0,..) 


4 


5 


10 


9 


4 


6 


13 


15 


21 


6 


14 


19 


31 


30 




(1,1,0,..) 


1 


4 


4 


7 


1 


4 


5 


10 


9 


4 


6 


13 


15 


21 




(3,0,0,..) 


1 


4 


5 


7 


1 


4 


6 


11 


11 


4 


7 


14 


18 


24 




(2, 1,0, ..) 


1 


2 


4 


5 


1 


2 


5 


8 


10 


2 


5 


10 


16 


18 




(1,1,1,..) 






1 








1 


1 


2 




1 


1 


3 


3 




(4,0,0,..) 


1 


1 


3 


3 


1 


1 


4 


5 


8 


1 


4 


6 


12 


11 




(3,1,0,..) 




1 


2 


3 




1 


2 


5 


5 


1 


2 


6 


9 


13 




(2,2,0, ..) 






1 








1 


1 


3 




1 


1 


4 


3 




(2,1,1,..) 








1 








1 


1 






1 


2 


3 




(5,0,0,..) 




1 


1 


2 




1 


1 


3 


3 


1 


1 


4 


5 


8 




(4, 1,0, ..) 






1 


1 






1 


2 


3 




1 


2 


5 


6 




(3,2,0,..) 








1 








1 


1 






1 


2 


3 




(3,1,1,..) 


















1 








1 


1 




(2,2, 1, ..) 




























1 




(6,0,0,..) 






1 








1 


1 


2 




1 


1 


3 


3 




(5,1,0,..) 








1 








1 


1 






1 


2 


3 




(4,2,0, ..) 


















1 








1 


1 




(4,1,1,..) 




























1 




(3,3,0,..) 




























1 




(7,0,0,..) 








1 








1 








1 


1 


2 




(6,1,0,..) 


















1 








1 


1 




(5,2,0,..) 




























1 




(8,0,0,..) 


















1 








1 






(7,1,0,..) 




























1 




(9,0,0,..) 




























1 
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